Temporal Quantum-State Tomography of Narrowband Biphotons by Chen, Peng et al.
ar
X
iv
:1
40
9.
57
47
v1
  [
qu
an
t-p
h]
  1
9 S
ep
 20
14
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We describe and demonstrate a quantum state tomography for measuring the complex tempo-
ral waveform of narrowband biphotons. Through six sets of two-photon interference measurements
projected in different polarization subspaces, we can construct the time-frequency entangled two-
photon joint amplitude and phase functions in continuous-variable time domain. For the first time,
we apply this technique to experimentally determine the temporal quantum states of narrowband
biphotons generated from spontaneous four-wave mixing in cold atoms, and fully confirm the theo-
retical predictions.
PACS numbers: 03.65.Wj, 03.67.Mn, 42.50.Dv
Photons are described by their discrete polarization
states and field amplitude distribution in continuous
time-space domains. The density matrix of a polarization
state can be reconstructed using well-developed quantum
state tomography [1–3]. To characterize the temporal
modes of photons, one needs continuous-variable optical
quantum-state tomography that is much more complicate
than that for the discrete Hilbert space with finite dimen-
sions. Homodyne detection has been proven an efficient
probe to characterize photonic (unentangled) Fock and
coherent states [4–9]. However, most homodyne measure-
ments for bipartite two-mode squeezed states have aimed
only to verify their entanglements [10–14], and a com-
plete optical homodyne tomography for time-frequency
entangled two-photon (amplitude and phase) temporal
waveform has never been demonstrated [7].
Developing narrowband biphoton source with high
spectral brightness recently has attracted much atten-
tion because of the need for realizing efficient light-matter
quantum interface [15–17]. Using spontaneous four-wave
mixing (SFWM) with electromagnetically induced trans-
parency (EIT) in cold atoms, sub-MHz biphoton gener-
ation with a coherence time up to microsecond has been
demonstrated [18–20]. Such a long coherence time of
single photons allows manipulating their temporal wave-
form [21–23] as well as their interaction with atoms in
time domain [24–26]. Owning to the time resolution
of single photon counting modules (SPCM), the bipho-
ton amplitude temporal profile can be directly measured
as time-resolved coincidence counts. However, the pho-
ton coincidence counting does not tell the difference be-
tween a time-frequency entangled state and a temporal-
probability mixed state because it measures only the
joint probability distribution. Although additional evi-
dences, such as violation of the Cauchy-Schwartz inequal-
ity [27] and measurement of autocorrelation of heralded
single photons [28], can indirectly confirm the bipho-
ton nonclassical properties, a complete temporal tomog-
raphy of narrowband biphoton waveform (amplitude +
phase) has not been demonstrated. It is believed that
the time-frequency entanglement of the paired photons
ଷ
ʘpʘc
ʘas
ʘasʘs
ʘs
ʘs
ʘs
BS ଷ
 ͳ
ଷ
ସଵ
ଶ
ସ
 2
4
3
ସ
2
2 ͳ
ͳ ʖ
(3)
FIG. 1. (color online). Schematics of temporal state tomogra-
phy for narrowband biphotons generated from backward-wave
spontaneous four-wave mixing.
in a continuous-wave (cw) SFWM is naturally endowed
by energy conservation [29], but this claim has not been
directly confirmed experimentally.
In this Letter, we propose and demonstrate a tempo-
ral quantum state tomography for SFWM narrowband
biphotons. Using six sets of symmetrized time-resolved
two-photon interference measurements in different polar-
ization basis, we construct both the amplitude and phase
functions of the biphoton joint temporal waveform.
Our modeled system is illustrated schematically in
Fig.1. With counter-propagating pump (ωp) and cou-
pling (ωc) laser beams, phase-matched Stokes (ωs) and
anti-Stokes (ωas) paired photons are produced in oppos-
ing directions. The single-spatial-mode biphoton tem-
poral (complex) waveform output from the source is de-
scribed as
Ψ(ts, tas) = 〈0|aˆs(ts)aˆas(tas)|Ψs,as〉
= e−iωs0tse−iωas0tasψ(τ), (1)
where τ = tas − ts, ωs0 and ωas0 are the central optical
angular frequencies of Stokes and anti-Stokes photons,
respectively. The relative biphoton waveform ψ(τ) can
be rewritten as
ψ(τ) = A(τ)eiφ(τ), (2)
where A(τ) is the amplitude and φ(τ) is the phase. The
amplitude function can be directly determined from the
Glauber correlation function G(2)(τ) = A2(τ) measured
2as two-photon coincidence. Due to the time ordering
of the SFWM process and slow light effect on the anti-
Stokes photons, A(τ) is nonzero only at τ > 0 [29]. That
is, the anti-Stokes photon is always generated after its
paired Stokes photon. Our major task of the work is to
determine the phase φ(τ) by two-photon interference.
With the geometry shown in Fig.1, phase matching al-
lows generating photon pairs into two symmetric paths
(1 and 2). We use two mirrors (M1 and M2) to counter-
overlap the two Stokes modes. In this configuration,
there are Stokes and anti-Stokes photons in each out-
put port 1 or 2. The photons are set to horizontally (H:
↔) and vertically (V: l) polarized at output ports 1 and
2 respectively. After a relative time delay of T in path
2, the photons are then combined together at a 50%:50%
beam splitter (BS), whose outputs 3 and 4 pass the po-
larization selectors (P3 and P4) and are detected by two
SPCMs (D3 and D4). The combination of the BS and po-
larization selectors can induce two-photon interference by
erasing the path and polarization information in a con-
trollable degree of freedoms and is the key to reconstruct
the phase information of the biphoton waveform.
The two-frequency-mode field operators at the source
outputs can be written as aˆ1↔ = aˆ1s↔+ aˆ1as↔ and aˆ2l =
aˆ2sl+ aˆ2asl. The BS has the transformation aˆ3 = (aˆ1↔+
iaˆ2l)/
√
2 and aˆ4 = (iaˆ1↔ + aˆ2l)/
√
2. The projection of
the polarization selectors can be characterized as aˆPm =
aˆm↔ cosαm+ aˆml sinαme
iθm (m=3, 4). The two-photon
wave function at the two detectors can be derived as
Ψ34(t3, t4) =
1
2
cosα3 sinα4e
iθ4e−iωs0(t3+t4)eiωs0T e−iδt3 [e−iδ(τ−T )ψ(τ − T ) + ψ(−τ + T )]
− 1
2
sinα3 cosα4e
iθ3e−iωs0(t3+t4)eiωs0T e−iδt3 [eiδTψ(−τ − T ) + e−iδτψ(τ + T )]. (3)
Here we define τ = t4 − t3 and δ = ωas0 − ωs0. Making use of Eq.(2) we obtain
ψ34(T, τ) = Ψ34(t3, t4)e
iωs0(t3+t4)e−iωs0T eiδt3 =
1
2
cosα3 sinα4e
iθ4 [e−iδ(τ−T )A(τ − T )eiφ(τ−T ) +A(−τ + T )eiφ(T−τ)]
− 1
2
sinα3 cosα4e
iθ3 [eiδTA(−τ − T )eiφ(−τ−T ) + e−iδτA(τ + T )eiφ(τ+T )]. (4)
Then we get the Glauber correlation function
G
(2)
P3P4(T, τ) = |ψ34(T, τ)|2. With two-photon joint
detection efficiency η, time-bin width ∆t, and total mea-
surement time ∆tm, the two-photon coincidence counts
can be calculated as CP3P4(T, τ) = G
(2)
P3P4(T, τ)η∆t∆tm.
To retrieve the phase φ(τ), we take the 6 sets of coinci-
dence counts shown in Table I and have [30]
cos[Λ(T, τ)] =
[B(T, τ) + 1]
−2√B(T, τ)
Cրր(T, τ)− Cրց(T, τ)
Cրր(T, τ) + Cրց(T, τ)
,
(5)
sin[Λ(T, τ)] =
[B(T, τ) + 1]
2
√
B(T, τ)
Cր(T, τ)− Cր	(T, τ)
Cր(T, τ) + Cր	(T, τ)
,
(6)
where B(T, τ) = Cl↔(T, τ)/C↔l(T, τ), and Λ(T, τ) =
Ξ(T, τ) + Λ0. Λ0 is the residual phase constant re-
sulting from imperfections of the optical components.
The combined phase difference is defined as Ξ(T, τ) =
φ(τ+T )−φ(τ−T )−δT for τ > T , and Ξ(T, τ) = φ(−τ−
T )−φ(−τ+T )+δT for τ < −T . With φ(τ) = φ(−τ), we
have Ξ(T, τ) = −Ξ(T,−τ). Therefore the residual phase
can be determined by Λ0 =
1
2ta
∫ ta
−ta
Λ(T, τ)]dτ . Solving
Ξ(T, τ) and setting a reference phase point φ(τ0) = 0, we
can obtain the phase function by the following recursion
φ(τ0 + 2nT > T ) = φ[τ0 + 2(n− 1)T ] + Ξ[T, τ0 + (2n− 1)T ] + δT, (n = ±1,±2, ...),
φ(−τ0 − 2nT < −T ) = φ[−τ0 − 2(n− 1)T ] + Ξ[T, τ0 + (2n− 1)T ]− δT, (n = ±1,±2, ...). (7)
There is limitation for directly applying Eq. (7) with small T that determines the temporal resolution. For
3# Coincidence counts P3(α3, θ3) P4(α4, θ4)
1 Cl↔(T, τ) l (pi/2, 0) ↔ (0,0)
2 C↔l(T, τ) ↔ (0,0) l (pi/2, 0)
3 Cրր(T, τ) ր (pi/4, 0) ր (pi/4, 0)
4 Cրց(T, τ) ր (pi/4, 0) ց (−pi/4, 0)
5 Cր(T, τ) ր (pi/4, 0)  (pi/4, pi/2)
6 Cր	(T, τ) ր (pi/4, 0) 	 (pi/4,−pi/2)
TABLE I. Polarization projection configuration for the two-
photon coincidence measurement after the beam splitter. l:
Vertically polarized, ↔: Horizontally polarized, ր: 45o
linearly polarized, ց: −45o linearly polarized, : right-
circularly polarized, 	: left-circularly polarized.
ȁ ۧͳ ȁ ۧʹ߱as ߱s߱c߱p
ο௣ ȁ ۧ͵ο௖ ȁ ۧͶοଶଵ
P1
P2
P3
P4
D4
D3
߱c
߱p߱as
߱as߱s߱s
BS
FIG. 2. (color online). Experimental setup for biphoton tem-
poral tomography.
example, if the waveform has some nodes where the am-
plitude is zero, the phase at the nodes can take any value
and thus is totally uncertain. In this case, the phase be-
tween amplitude islands are disconnected and their phase
difference cannot be resolved when T is too short. Us-
ing a long T we can bridge these amplitude islands and
determine their phase difference but scarify the time res-
olution. To solve this problem, we propose a two-step
recursion algorism. At the first step, we use a small Ts
to obtain a high resolution tomography inside each am-
plitude island. At the second step, we chose some ampli-
tude peak as the reference point where the phase varia-
tion has been precisely determined and use a longer Tl
to measure the phase difference between the two islands
without touching the node. In this way we can obtain a
full phase tomography with a resolution of 2Ts.
The experimental setup for our proof-of-principle
demonstration is shown in Fig. 2. We work with a
right-angle SFWM with laser cooled 85Rb atoms in a
magneto-optical trap [31]. |1〉 = |5S1/2, F = 2〉 and
|2〉 = |5S1/2, F = 3〉 are two hyperfine ground states
split by ∆12 = 2pi×3036 MHz. Other two relevant
atomic energy levels are |3〉 = |5P3/2, F = 3〉 and
|4〉 = |5P3/2, F = 2〉. The pump laser is far detuned from
transition |1〉 → |3〉 by ∆p, and the coupling laser is near-
resonance to the transition |2〉 ↔ |3〉 (with an adjustable
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FIG. 3. (color online). Temporal quantum-state tomogra-
phy for degenerate biphotons (δ=0) with Rabi oscillation. (a)
Two-photon coincidence counts before the BS. (b) The mea-
sured combined phase difference function Ξ(τ ) for Tl=5.8 ns.
(c) The constructed phase φ(τ ).
detuning ∆c).The atomic optic depth is about 3. The
phase-matching condition allows spontaneously generat-
ing backward paired photons in a right-angle geometry,
where the biphotons have two path choices: Stokes pho-
ton goes to port 1 and anti-Stokes photon to port 2, or
Stokes photon goes to port 2 and anti-Stokes to port 1.
In this configuration we do not need the two mirrors M1
and M2 in Fig. 1. The linear polarizer P3 comprises of a
λ/2-wave plate and a polarization beam splitter (PBS),
and the polarizer P4 comprises of a λ/2-wave plate, a
λ/4-wave plate and a PBS. The coincidence counts are
recorded by D3 and D4 with a time-bin width of 1 ns. For
the two-step temporal phase tomography, we set Ts =1.0
ns and Tl =5.8 ns.
We start the temporal quantum-state tomography for
nearly degenerate biphotons (δ ≃ 0), by setting the pa-
rameters ∆p = ∆12 − 2pi×3 MHz and ∆c = −2pi×10
MHz. The pump laser and coupling laser Rabi frequen-
cies are Ωp = 2pi×164.3 MHz and Ωc = 2pi×39.2 MHz
respectively. The additional pump frequency detuning
∆p−∆12 = −2pi×3 MHz is to compensate the light shift
and residual magnetic-field-induced Zeeman shift. With
these parameters, theory predicts the biphoton wave-
form displays a damped Rabi oscillation with pi-phase
flip across the nodes [29]. The two-photon coincidence
counts C12(τ) ∝ A2(τ) + A2(−τ) is shown in Fig. 3(a),
where the plot at τ = tas − ts > 0 is the Stoke to anti-
Stokes correlation [A2(τ)] and that at τ = ts − tas < 0
is the anti-Stoke to Stokes correlation [A2(−τ)]. The
solid curve are obtained following the theory in the in-
teraction picture [29] that accounts the effect from the
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FIG. 4. (color online). Temporal quantum-state tomography
for nondegenerate biphotons (δ = 2pi×43 MHz) with Rabi
oscillation. (a) Two-photon coincidence counts before the BS.
(b) The measured combined phase difference function Ξ(τ ) for
Tl=5.8 ns. (c) The constructed phase φ(τ ).
atomic energy level |4〉. The measured combined phase
difference function excluding the residual phase constant
(for Tl=5.8 ns) is shown in Fig. 3(b). Together with the
data of Ts = 1.0 ns, we construct the phase function in
Fig. 3(c). The experimental result confirms the theory
within the temporal correlation time. The large fluctua-
tion for |τ | > 50 ns is caused by the uncertainty of the
phase due to the amplitude approaching zero and there-
fore is reasonable. As shown in Fig. 3(c), the pi-phase
jumps across the amplitude nodes are clearly resolved.
We next work with nondegenerate biphotons (δ =
2pi×43 MHz), by setting the parameters ∆p = ∆12 +
2pi×40 MHz, ∆c = −2pi×10 MHz, Ωp = 2pi×93.3 MHz,
and Ωc = 2pi×42.6 MHz. The measured Ξ is shown in
Fig. 5(b), where the jump across τ = 0 is caused by the
frequency difference (2δTl) as predicted from Eqs. (7).
The constructed phase function and theoretical plot are
shown in Fig. 4(c).
We then reduce the coupling laser detuning to zero
(∆c = 0) and lower the coupling laser power (Ωc =
2pi×19.6 MHz) to prolonger the biphoton correlation
time. As shown in Fig. 5(a), the correlation time is
extended to about 50 ns and the second oscillation pe-
riod is completely damped out. The measured combined
phase difference function is shown in Fig. 5(b), whose
step near τ = 0 resolves the frequency difference between
the photons. The constructed phase function is shown in
Fig. 5(c) and shows the biphoton waveform is Fourier
transform limited.
We further measure the nonclassical properties of
the photon source by verifying its violation of the
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FIG. 5. (color online). Temporal quantum-state tomography
for non-degenerate biphotons (δ = 2pi×43 MHz) with zero
coupling detuning. (a) Two-photon coincidence counts before
the BS. (b) The measured combined phase difference function
Ξ(τ ) for Tl=5.8 ns. (c) The constructed phase φ(τ ).
CSmax g
(2)
c
Fig.3 204 0.27±0.05
Fig.4 89 0.16±0.07
Fig.5 203 0.19±0.02
TABLE II. Violation of Cauchy-Schrotwz inequality and the
measured conditional g
(2)
c .
Cauchy-Schwartz inequality [27]. With normalized cross-
correlation function g
(2)
s,as(τ) and auto-correlation func-
tions g
(2)
s,s (τ) and g
(2)
as,as(τ), a classical source follows
CS = [g
(2)
s,as(τ)]2/[g
(2)
s,s (0)g
(2)
as,as(0)] ≤ 1. Another mea-
sure is to confirm the quantum nature of heralded sin-
gle photons with the conditional autocorrelation function
g
(2)
c intergraded over entire waveform temporal length.
The masured CS and intergrated g
(2)
c of our biphoton
source are shown in Table II. In all the cases, the Cauchy-
Schwartz inequality is violated, and g
(2)
c is well below the
two-photon threshold of 0.5.
In conclusion, we proposed and demonstrated a tem-
poral quantum-state tomography for narrowband bipho-
tons generated from SFWM in cold atoms. In all three
degenerate and non-degenerate cases, experiments agree
perfectly with the theory. The degeneracy of the photon
frequencies does not need to be preassumed and the fre-
quency difference can be determined from the measured
Ξ(T, τ). Although our proof-of-principle demonstration
takes the advantages of the right-angle configuration, the
tomography method can be applied to a general case fol-
5lowing the setup in Fig. 1.
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